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Abstract
The possible existence of a “bubble” structure in the proton density of 34Si has recently attracted a lot of research interest. To
examine the existence of the “bubble” structure in low-lying states, we establish a relativistic version of configuration mixing
of both particle number and angular momentum projected quadrupole deformed mean-field states and apply this state-of-the-art
beyond relativistic mean-field method to study the density distribution of the low-lying states in 34Si. An excellent agreement with
the data of low-spin spectrum and electric multipole transition strengths is achieved without introducing any parameters. We find
that the central depression in the proton density is quenched by dynamic quadrupole shape fluctuation, but not as significantly
as what has been found in a beyond non-relativistic mean-field study. Our results suggest that the existence of proton “bubble”
structure in the low-lying excited 0+2 and 2+1 states is very unlikely.
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Introduction.− In recent years, there has been a growing in-
terest in searching for “bubble” nuclei, in which the density
in the center vanishes or is significantly lower than satura-
tion density. The “bubble” nuclei are of particular interest be-
cause they have different mean-field potentials from those of
normal nuclei with Fermi-type density distribution. In partic-
ular, the splitting of spin-orbit partners located mainly at the
nuclear center is reduced in the “bubble” nuclei. Some mod-
ern parametrizations of the relativistic mean field (RMF) [1, 2]
and of the Skyrme energy density functional (EDF) [3, 4, 5],
as well as the mean-field calculation using semi-realistic inter-
actions [6] predict a hollow proton density for 34Si and some
neutron-rich Ar isotopes. At the time being, 34Si stands out
as the only candidate on which many different studies agree.
The possible proton “bubble” structure of this nucleus has also
been suggested as an explanation for the recently observed re-
duction of the spin-orbit splitting using the transfer reactions
36S(d, p)37S and 34Si(d, p)35Si [7]. Recently, the intruder 0+2
state and its weak electric monopole transition to the ground-
state were measured [8]. The results support the coexistence
structure of a spherical ground-state with a large deformed 0+2
state in 34Si. The spectroscopy of low-lying states provides a
strong test of the nuclear structure models that have been used
to study the density profiles.
Most recently, the stability of “bubble” structure against dy-
namical effects in 34Si has been examined in the framework
of a particle-number (PN) and angular-momentum (AM) pro-
jected generator coordinate method (GCM) based on Hartree-
Fock-Bogoliubov (HFB) states with axial quadrupole deforma-
tion using the non-relativistic Skyrme force SLy4 [9]. It has
been shown that the dynamic effect of quadrupole shape fluctu-
ation significantly altered the radial density profile, and brought
it closer to a Fermi-type density distribution. We noted, how-
ever, that the spectroscopic properties of the observed low-lying
states were not reproduced very well [9]. The calculated two
lowest 0+ states were too strongly mixed, which might over-
estimate the effect of shape mixing on the density of ground-
state. Moreover, in the context of projected GCM based on
self-consistent mean-field approaches, the density profiles of
excited states have not been studied yet. The existence of the
proton “bubble” structure in the low-lying excited states of 34Si
is not known.
During the past decades, the RMF theory has achieved great
success in describing many nuclear phenomena for both stable
and exotic nuclei over the entire nuclear chart with a few univer-
sal parameters [10, 11, 12, 13]. It incorporates many important
relativistic effects, such as the presence of large Lorentz scalar
and vector fields with approximately equal magnitude and op-
posite sign. This leads to a new saturation mechanism via the
difference between the scalar and vector densities, and naturally
to the large spin-orbit interaction needed for the understanding
of magic numbers in finite nuclei. The aim of the present Letter
is to address the above issue using a beyond RMF approach.
The method.− To this end, we extend the beyond RMF
method presented in Ref. [14] by including additionally PN pro-
jection and restricting it to axially deformed states by imposing
triaxial deformation parameter γ to be 0◦ or 180◦. In this case,
the wave function of nuclear low-lying state is given by the su-
perposition of both PN and AM projected RMF wave functions
constrained to have different intrinsic axial deformations β,
|ΨJNZα 〉 =
∑
β
f JNZα (β) ˆPJM0 ˆPN ˆPZ |Φ(β)〉, (1)
with ˆPJM0, ˆP
N
, ˆPZ being the projection operators onto good
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number of angular momentum, neutrons and protons, respec-
tively. The weight factors f JNZα (β) and the energies EJα of the
states |ΨJNZα 〉 are the solutions of the Hill-Wheeler-Griffin equa-
tion [15] ∑
β′
[
H J(β, β′) − EJαN J(β, β′)
]
f JNZα (β′) = 0, (2)
where N J(β, β′) = 〈Φ(β)| ˆPJ00 ˆPN ˆPZ |Φ(β′)〉 and H J(β, β′) =
〈Φ(β)| ˆH ˆPJ00 ˆPN ˆPZ |Φ(β′)〉 are the norm kernel and the energy
kernel, respectively. In the calculations, the energy overlap in
the energy kernel is taken with the same functional form as the
nuclear mean-field energy, but replacing the densities and cur-
rents with mixed ones [14]. We note that in recent years several
similar beyond mean-field methods (GCM+PNP+AMP) are
developed by different groups based on either non-relativistic
or relativistic EDFs [16, 17, 18].
Once the wavefunctions of low-lying states are found, it is
straightforward to calculate the density distribution in r-space.
The density distribution for the state |ΨJNZα 〉 is found as [19]
ρJα(r) =
∑
ββ′
f JZNα (β′) f JZNα (β)
∑
λ
(−1)2λYλ0(rˆ)
×〈J0, λ0|J0〉
∑
K2
(−1)K2〈JK2, λ − K2|J0〉
×
∫
drˆ′ρJK2
β′β (r′)Y∗λK2 (rˆ′), (3)
where the ρJK2
β′β (r) is defined as
ρ
JK2
β′β (r) ≡
2J + 1
2
∫ pi
0
dθ sin(θ)dJ∗K20(θ)
×〈Φ(β′)|
∑
i
δ(r − ri)eiθ ˆJy ˆPN ˆPZ |Φ(β)〉. (4)
The sum over index i represents summation over all occupied
single-particle states for neutrons or protons.
The reduced electric quadrupole (E2) transition strengths be-
tween low-lying states are given by
B(E2; Ji, αi → J f , α f )
=
1
2Ji + 1
∣∣∣∣∑
β′,β
f J f NZ∗α f (β′) 〈J fβ′|| ˆQ2||Jiβ〉 f JiNZαi (β)
∣∣∣∣2 (5)
and are calculated directly in the laboratory frame without ap-
proximation. The reduced matrix elements in the above expres-
sion are determined as
〈J f β′|| ˆQ2||Jiβ〉
=
(2J f + 1)(2Ji + 1)
2
+2∑
M=−2
(
J f 2 Ji
0 M −M
)
×
∫ pi
0
dθ sin(θ) dJi∗−M0(θ)〈Φ(β′)| ˆQ2Meiθ
ˆJy ˆPN ˆPZ |Φ(β)〉 ,
(6)
where ˆQ2M ≡ e r2 Y2M is the electric quadrupole moment opera-
tor. The nuclear matrix element entering the electric monopole
Figure 1: (Color online.) Comparison between the (left) experimental data [8],
(middle) the predictions by the SLy4 force [9], and (right) the ones by the PC-
PK1 force for the low-lying states in 34Si. The electric monopole (E0) transition
between the first two 0+ states is indicated with the value of ρ2(E0; 0+2 → 0+1 )×
103 . The electric quadrupole (E2) transition is indicated with the value in units
of e2 fm4.
decay from |ΨJNZα 〉 to |ΨJNZα′ 〉 through the emission of conver-
sion electrons is determined by
ρ2(E0; Jα → Jα′ ) =
∣∣∣∣∣∣∣
〈ΨJNZ
α′ |e
∑
p r
2
p|ΨJNZα 〉
eR2
∣∣∣∣∣∣∣
2
, (7)
where p is an index running over all proton single-particle
states. The radius R is given by R = 1.2A1/3 fm. Since the elec-
tric transition matrix elements are calculated in the full model
space of occupied single-particle states, there is no need to in-
troduce effective charges, and the bare charge for protons is
used instead.
Numerical details.− In the RMF calculations, parity, x-
simplex symmetry, and time-reversal invariance are imposed.
The Dirac equation is solved by expanding in the basis of
eigenfunctions of a three-dimensional harmonic oscillator in
Cartesian coordinate with 10 major shells, which are found to
be sufficient to obtain reasonably converged results for 34Si.
A constraint on the axial mass quadrupole moment 〈Q20〉 =√
5
16pi 〈2z2 − x2 − y2〉 is used to generate mean-field states |Φ(β)〉
with different intrinsic deformations β = 4pi3AR2 〈Q20〉. The point-
coupling type of relativistic effective force PC-PK1 [20] is
adopted. Pairing correlations between nucleons are treated with
the BCS approximation using a density-independent δ force
with a smooth cutoff factor [21]. The strength parameters of
the pairing force are Vn = −349.5 and Vp = −330 MeV·fm3 for
neutrons and protons respectively.
The Gauss-Legendre quadrature is used for integrals over the
Euler angle θ and gauge angle ϕτ=n,p in the calculations of the
AM+PN projected norm and Hamiltonian kernels. The number
of mesh points in the interval [0, pi] for θ and ϕτ are chosen as 14
and 9 respectively. The pfaffian method [22] is implemented to
calculate the norm overlap, the phase of which can be uniquely
determined in this way.
Results and discussions.− Figure 1 displays the low-lying
states in 34Si from the beyond mean-field calculations using
both the non-relativistic SLy4 force and the relativistic PC-
PK1 force, in comparison with the recently measured data [8].
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Figure 2: (Color online.) Collective wave functions [cf.Eq.(8)] of the 0+1 , 0+2 , 2+1
states in 34Si.
As we have discussed in Ref. [9] that the calculations using
the SLy4 force reproduced the energy of the recently observed
low-energy 0+2 state and the interband B(E2; 2+1 → 0+2 ) value
rather well. However, the electric monopole transition strength
ρ2(E0; 0+2 → 0+1 ) and the in-band B(E2; 2+1 → 0+1 ) value were
overestimated, which indicates that the two lowest 0+ GCM
states are too strongly mixed in the calculation. In the relativis-
tic calculations using the PC-PK1 force, however, both the exci-
tation energies and E0, E2 transition strengths of the low-lying
states are reproduced quite well, which gives us a strong moti-
vation to study the density distributions of low-lying states us-
ing the wave functions obtained in the relativistic calculations.
Figure 2 displays the distribution of the collective wave func-
tions gJα(β) in deformation β degree of freedom for the 0+1 , 0+2 , 2+1
states, among which the electric multipole transitions have been
observed [8], where the gJα(β) are related to the weight function
f JNZα by the following relation,
gJα(β) =
∑
β′
(N J(β, β′))1/2 f JNZα (β′), (8)
and are orthonormal to each other. The shapes of collective
wave functions for the 0+1 and 0
+
2 states are similar to those ob-
tained in Ref. [9] from the calculations using the SLy4 force.
However, there are differences in detail. The wave function of
ground-state is more concentrated around the spherical shape in
the relativistic case, while that of 0+2 state has more weight in
large deformed configurations (dominated by the intruder neu-
tron f7/2 orbital). As a consequence, compared with the SLy4
results, the ρ2(E0; 0+2 → 0+1 ) and B(E2; 2+1 → 0+1 ) values are
reduced and become closer to the data in the beyond RMF cal-
culations.
The density distribution of protons in 34Si from the RMF cal-
culation is displayed in Fig. 3, which shows an evident central
depletion. This density distribution corresponds to the spherical
mean-field configuration, for which case, the occupation proba-
bility of proton 2s1/2 orbital is zero due to pairing collapse. The
mixing of configurations of different intrinsic shapes resulting
from dynamic fluctuation in quadrupole deformations can al-
ter the occupancy of the 2s1/2 orbital and therefore change the
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Figure 3: (Color online.) Density distribution of mean-field spherical state in
y-z plane at x = 0.4 fm from the RMF calculation using the PC-PK1 force for
34Si (in fm−3).
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Figure 4: (Color online.) Comparison of proton density distributions of ground-
state from both mean-field and beyond mean-field calculations for 34Si. The
non-relativistic results, taken from Ref. [9], are given for comparison.
density distribution in the center. Figure 4 displays the compar-
ison of mean-field and beyond mean-field (GCM+PNP+AMP)
calculated density distributions for the ground-state in 34Si. It
shows that the quenching of the depletion of proton density in
the center by shape mixing is a common feature in the beyond
mean-field calculations. However, the beyond RMF calcula-
tion gives a smaller quenching effect than that the one found in
the beyond non-relativistic mean-field calculation, which can
be mainly attributed to the difference in the distribution of
wave function in the collective space, i.e., the wave function
of ground-state in this work is more concentrated around the
spherical shape than that given in Ref. [9].
Figure 5 displays the comparison of charge density distribu-
tions in 34Si and 36S from the relativistic calculations using the
PC-PK1 force. The charge density is calculated by convolu-
tion of the proton density with a Gaussian form factor with a
proton size a =
√
2/3〈r2〉1/2p = 0.65 fm, which for spherically
symmetric density distributions leads to [23]
ρch(r) = 1
a
√
pi
∫
dr′r′ ρp(r′)
e−(r−r
′)2/a2
r
− e
−(r+r′)2/a2
r
 . (9)
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Figure 5: (Color online.) Charge density distributions in 34Si and 36S from the
relativistic calculations using the PC-PK1 force. The experimental data for 36S
are taken from Ref. [24]
.
The charge density of mean-field result (β = 0.0) for 36S is
much higher than the experimental data. This phenomenon is
also observed in other RMF calculations using the NL3 and
DD-ME2 forces [4]. Figure 5 demonstrates that after including
the dynamic correlation effects in the projected GCM calcula-
tion, the charge density of 36S is in excellent agreement with the
data, which gives us confidence in the prediction for the charge
density of 34Si.
In the mean-field approaches, a central depletion of the pro-
ton density in 34Si could induce a non-zero density derivative
in the center and thus reduce the strength of the spin-orbit in-
teraction for the inner orbits. This has been suggested as an
explanation for the reduction of neutron 2p3/2 − 2p1/2 splitting
between 37S and 35Si inferred from transfer reactions [7]. To
examine this effect at the mean-field level, we plot in Fig. 6
the single-particle energy spectra for protons and neutrons cor-
responding to the spherical configuration of 34Si and 36S from
the RMF calculations using the PC-PK1 force. As expected,
the splitting of spin-orbit doublets 2p3/2 − 2p1/2 is reduced sig-
nificantly from 2.77(2.66) MeV to 0.73(0.80) MeV for protons
(neutrons) when going from 36S to 34Si. It should be noted that
the spin-orbit interaction is emerging naturally from the deriva-
tive of vector and scalar fields in the RMF approaches and no
adjustable parameter is introduced. However, one should not
compare these values directly with those inferred from trans-
fer reactions, as discussed in Ref. [9]. Moreover, as shown in
Fig. 5 that the pure RMF calculation overestimates the central
density in 36S, and therefore enhances the spin-orbital splitting.
Furthermore, the neutron 2p3/2 level in 34Si is weakly bound at
-0.063 MeV, whereas the neutron 2p1/2 level in 34Si and 36S is
unbound at +0.74 MeV and +0.48 MeV respectively, in which
case, the coupling to the continuum has to be carefully taken
into account, which is beyond the scope of present study.
Figure 7 displays the density distributions of neutrons, pro-
tons and charges for the first two 0+ states, in comparison with
the mean-field calculated results of pure spherical configura-
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Figure 6: (Color online.) Single-particle energy spectra for protons and neu-
trons corresponding to the spherical configuration of 34Si and 36S from the
RMF calculations using the PC-PK1 force. The size of spin-orbit splitting is
indicated with the value in units of MeV.
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Figure 7: (Color online.) Density distributions of neutrons, protons and charges
for the first two 0+ states (solid lines), in comparison with the mean-field cal-
culated results for the spherical configuration (dashed lines).
tion. It shows clearly that the densities of both neutrons and
protons in the ground-state are closer to the Fermi-type distri-
bution in the projected GCM calculation, in comparison with
the pure RMF calculation (β = 0.0). In particular, for the 0+2
state, the central depression in the density distribution is not
visible.
For non-zero spin states, the density is deformed, in which
case, it is convenient to define a radial (reduced) transition den-
sity with angular momentum transfer L [19],
ρJJ;L(r) = 〈J0L0|J0〉−1
∫
drˆρJα(r)YL0(rˆ), (10)
where 〈J0L0|J0〉 is a Clebsch-Gordan coefficient. We note that
the integration of the radial transition density ρJJ;0(r), multi-
plied with r4 over the radial coordinate r is related to the mean-
square radius of the state 〈r2〉Jα by the relation
∫
ρJJ;0(r)r4dr =
〈r2〉Jα/
√
4pi. We find that the mean-square radius of the
first three low-lying states are respectively 〈r2〉0+1 = 3.09 fm,
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Figure 8: (Color online.) Radial transition densities (L = 0, 2, 4) of the 2+1 state
in 34Si. The L = 0 component is scaled by dividing a factor of
√
4pi.
Table 1: The central (ρcent) and maximal (ρmax) proton densities, as well as the
depletion factors Fmax and Fsat for the proton and charge densities in 34Si from
the calculations using the PC-PK1 force.
state ρcent ρmax Fmax Fsat Fmax(ch.) Fsat(ch.)
β = 0.0 0.056 0.077 0.27 0.15 0.14 0.04
0+1 0.059 0.076 0.22 0.11 0.11 0.01
0+2 0.071 0.074 0.04 −0.08 0.01 −0.10
2+1 (L = 0) 0.073 0.075 0.03 −0.11
〈r2〉0+2 = 3.15 fm, and 〈r2〉2+1 = 3.21 fm. Moreover, the spec-
troscopic quadrupole moment of 2+1 state is 9.48 e fm2, which
indicates that the 2+1 state is predominately oblate deformed.
Figure 8 displays the radial transition densities (L = 0, 2, 4)
of the 2+1 state in
34Si. It is clearly shown that the central de-
pression does not exist in the L = 0 component of radial transi-
tion density. The disappearance of “bubble” structure in the 0+2
and 2+1 states is due to the mixing of (prolate) deformed config-
urations, in which, the component originated from the proton
spherical 2s1/2 orbital has a sizable occupation probability.
Table 1 lists the values of the central and maximal proton
densities, and the depletion factors Fmax and Fsat [9] for the
proton and charge (ch.) densities in 34Si from the calculations
using the PC-PK1 force, where
Fmax ≡ ρmax − ρcent
ρmax
, Fsat ≡ ρsat − ρcent
ρsat
, (11)
with ρsat being the saturation value of the proton density, ρsat =
(14/34) × 0.16 fm−3 = 0.066 fm−3 for 34Si. The beyond mean-
field effects, dominated by the shape mixing, reduce the deple-
tion factor Fmax from 0.14 to 0.11 and Fsat from 0.04 to 0.01
for the charge density, which are compared with the results of
the SLy4 force, i.e., Fmax from 0.16 to 0.09 and Fsat from 0.09
to 0.04. For the observed low-lying 0+2 and 2+1 states, the deple-
tion factor is close to zero, which demonstrates the disappear-
ance of proton “bubble” structure quantitatively. Finally, we
point out that the implementation of Lipkin-Nogami (LN) pre-
scription for pairing correlation in our RMF calculations would
bump protons onto 2s1/2 orbital and consequently reduce the
“bubble” structure further.
Summary and conclusions.− We have established a beyond
RMF method by mixing of both particle number and angu-
lar momentum projected quadrupole deformed states and ap-
plied it to study the excitation energies, electric multipole tran-
sition strengths and the density distributions for the low-lying
states in 34Si. The recently observed spectroscopic data have
been reproduced quite well without introducing any param-
eters, which provides us confidence on the reliability of the
wave functions and the resultant density distributions. More-
over, we have found that for 36S, the dynamic correlation ef-
fects have significant influence on the central charge density.
After considering these effects in the beyond RMF calculation,
the charge density distribution is in excellent agreement with
the data, which gives us more confidence in the prediction for
the charge density of 34Si. We have found that the central de-
pression in the proton and charge densities of 34Si is quenched
by dynamic quadrupole shape fluctuation, but not as signifi-
cantly as what has been found in a non-relativistic study us-
ing the SLy4 force. Our studies suggest that the existence of
a proton “bubble” structure in the low-lying excited 0+2 and 2
+
1
states is very unlikely. These findings are hoped to be examined
in the new generation of electron-RIB colliders SCRIT (Self
Confining Radioactive Isotope Target in Japan [25]) and ELISe
(ELectron-Ion Scattering in a storage ring in Germany [26]) in
the near future.
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